Fatigue failure evolution is a process of damage accumulation under continued stresses and forces. The mechanical component is always subjected to various loadings and the lifespan is mainly governed by fatigue. The low cycle fatigue (LCF) is a key failure mode of many components. In order to estimate the LCF life under multiaxial loadings in practical design, a modified model is proposed, based on the Fatemi-Socie (FS) and Smith-Watson-Topper (SWT) models, which considers the effects of shear and tensile behaviours. Then a novel judgment criterion is presented to distinguish the mixed-mode loadings and the procedures to employ the proposed model are also presented. Furthermore, two types of materials (TC4 and GH4169) and comparisons with the FS, Wang-Brown (WB) and redefined SWT (Re-SWT) models are employed to verify the accuracy and effectiveness of the proposed model, which has shown more reasonable predictions than the other models.
Introduction
It is known that the relationship between fatigue life and the characteristics of structures is very difficult to describe accurately in engineering applications due to load variations. Fatigue life prediction plays an important role in fatigue failure analysis. According to the failure data of structural components in engineering, low cycle fatigue (LCF) is one of the most important failures. The structural components should have good performance characteristics under different working conditions, if one of them is broken, the mechanical system will fail, resulting in great economic loss, therefore, the mechanical system and the structural components should maintain high reliability and safety [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Uniaxial fatigue life prediction methods may not be suitable for the conditions which suffer multiaxial loadings in service, so that multiaxial fatigue methods are employed to estimate the fatigue life. In general, the failure modes can be divided into shear-type failure and tension-type failure and depend on the dominant loadings which leads to failure but many methods have been proposed based on the shear-type failures [17] [18] [19] [20] [21] [22] [23] [24] . Chen et al. [22] and Liu [23] proposed two models to estimate the fatigue life under mixed-mode loadings, respectively but they did not give the criterion to identify whether the dominant failure is caused by shear or tensile loading. Furthermore, these models may also lead to overestimated or conservative predictions.
In this paper, we attempt to propose a novel energy-critical multiaxial fatigue life prediction model to estimate the LCF life, which is suitable for mixed-mode loadings. Some multiaxial fatigue
The modification of the FS and SWT models is given as 
By adding an additional term (1 + W A2 /W A ) in Equation (7), which is similar to the term 1 + kσ n,max /σ y of the FS model and represents the attributions of tensile behaviours for the shear-type failures on the MSSRP (all the strains and stresses on the MSSRP are added with a subscript A), as shown in Equation (8) . Similarly, adding the additional term (1 + W B1 /W B ) in Equation (6) to represent the attributions of shear behaviours for the tension-type failures on the MNSRP (all the strains and stresses on the MNSRP are added with a subscript B), as shown in Equation (9) .
To identify the failure which was caused by the shear or tensile behaviours, a novel judgment criterion is presented to determine the dominate mode, which leads to failure. A ratio is employed to compare the values of W A1 and W B2 and it is given as Based on this, the proposed model is defined as
Applying the novel judgment criterion to the SWT model, the redefined SWT (Re-SWT) model is given as
The proposed model in the form of both maximum shear/normal stresses and strains considers the material properties without any uncertain material constants and it can be seen as a combination of the FS and SWT models, which maintains the benefits of the FS and SWT models and does not need additional efforts to estimate the value of k. W A1 or W B2 can be seen as the main cause of failure,
is the correction factor which allows the effects of the mean normal/shear stress and additional hardening to be considered and accelerates the failing process.
Applying the above-mentioned models to estimate the fatigue life for materials, the most important thing is to locate the critical plane, as shown in Figure 1 .
is used as the critical value to determine the modes in this paper (the critical value of different materials is determined by the actual situation), if 
Applying the novel judgment criterion to the SWT model, the redefined SWT (Re-SWT) model is given as ( )
The proposed model in the form of both maximum shear/normal stresses and strains considers the material properties without any uncertain material constants and it can be seen as a combination of the FS and SWT models, which maintains the benefits of the FS and SWT models and does not need additional efforts to estimate the value of k. Applying the above-mentioned models to estimate the fatigue life for materials, the most important thing is to locate the critical plane, as shown in Figure 1 . Note from Figure 1 , the stress-strain responses of loading history for a reference point on local coordinate system Oxyz can be defined as [30, 31] Note from Figure 1 , the stress-strain responses of loading history for a reference point on local coordinate system Oxyz can be defined as [30, 31] 
where t ∈ T, T denotes a certain point of all the loading histories; σ ς (t), ε ς (t), τ ς (t), γ ς (t) (ς = x, y, z, xy, xz, yz) denote the normal stress, normal strain, shear stress and shear strain components, respectively. The new reference system Oanb is determined by the angles and which can be transformed by the Oxyz, the transformation matrix is given as
The stress-strain responses under the new reference system can be given as
By changing the angles (θ, φ), we can calculate the maximum damage parameters and estimate the fatigue life according to different methods. The procedures of employing the above-mentioned models can be outlined as follows:
(1) Collecting the stress-strain responses under a certain loading cycle and calculating the stresses and strains of the critical area at the first candidate plane by Equation (13).
(2) Determining the candidate critical plane by changing the angles (0
• ) with every 1 • , then the new candidate critical can be located as (θ , φ ) and calculating the damage parameters with every candidate critical plane based on Equation (15), that is 1 for FS model and WB model, the critical plane is the MSSRP, the shear strain range acting on the ith candidate material plane can be determined by
where p is the number of subdivisions in one loading cycle, which means that one cycle is divided into p subdivisions; then comparing shear strain range on every candidate critical plane, the critical plane (θ C , φ C ) can be selected and the maximum shear strain range ∆γ max is
2 for SWT model, the critical plane is the MNSRP, the normal strain range acting on the ith candidate material plane can be determined by
then comparing strain range on every candidate critical plane, the critical plane (θ C , φ C ) can be selected and the maximum strain range is
3 for proposed model and Re-SWT model, in order to determine dominant failure (tension-type or shear-type failure), the steps 1 and 2 are both required; to distinguish the critical plane (θ C , φ C ) in the proposed model and the Re-SWT model, the MSSRP is named as (θ CA , φ CA ), the MNSRP is named as (θ CB , φ CB ).
(3) When the critical plane is located, the other fatigue parameters on the critical plane can be calculated, Such as the normal strain range ∆ε n and the maximum normal stress ∆σ n,max on the MSSRP also should be known for the FS model and the fatigue life can be determined by the different models.
Static equilibrium can be applied to determine the stress-strain responses of the planes which give the angles and tubular specimen axis based on the Equations (13)- (15) . The procedures to employ the proposed model are given in Figure 2 . 
Experimental Validation and Discussion
In an effort to verify the proposed model, comparisons with the FS, WB and Re-SWT models were conducted and the experiments were carried out under various loadings. In this paper, the GH4169 and TC4 alloys are employed and conducted on a servo-hydraulic MTS Model 809 axial-torsion testing system based on ASTM E2207 standard, the experimental condition and the specimens are described as [31] [32] [33] : for GH4169 and TC4 at room temperature, solid specimens were used for monotonic and axial tests, respectively, as shown in Figure 3a ,b. Tubular specimens were used for pure torsional and multiaxial (in-phase, 45 • and 90 • out-of-phase) fatigue tests, as shown in Figure 3c . Fully reversed sinusoidal waveforms for GH4169 and TC4 and not fully reversed waveform for TC4 with frequency of 0.5-1.0 Hz were applied to all the tests. The loading history and loading path under symmetric loadings for the fatigue tests are shown in Figure 4 . The material properties of GH4169 and TC4 at room temperature are shown in Table 1 . The experimental data for GH4169 under symmetric loadings are shown in Table 2 and for TC4 under symmetric and asymmetric loadings are shown in  Tables 3 and 4 , respectively. In order to give a better view of the scatter with the experimental data, an equivalent strain-life curve (equivalent strain ε eq = γ a 2 /3 + ε a 2 ) is employed, as shown in Figure 5 , note that there are 34 specimens for GH4169 and 56 specimens for TC4. More details can be found in Ref. [31] [32] [33] .
reversed waveform for TC4 with frequency of 0.5-1.0 Hz were applied to all the tests. The loading history and loading path under symmetric loadings for the fatigue tests are shown in Figure 4 . The material properties of GH4169 and TC4 at room temperature are shown in Table 1 . The experimental data for GH4169 under symmetric loadings are shown in Table 2 and for TC4 under symmetric and asymmetric loadings are shown in Table 3 ; Table 4 , respectively. In order to give a better view of the scatter with the experimental data, an equivalent strain-life curve (equivalent strain 2 2 eq / 3 a a ε γ ε = + ) is employed, as shown in Figure 5 , note that there are 34 specimens for GH4169 and 56 specimens for TC4. More details can be found in Ref. [31] [32] [33] .
(a) (b) (c) reversed waveform for TC4 with frequency of 0.5-1.0 Hz were applied to all the tests. The loading history and loading path under symmetric loadings for the fatigue tests are shown in Figure 4 . The material properties of GH4169 and TC4 at room temperature are shown in Table 1 . The experimental data for GH4169 under symmetric loadings are shown in Table 2 and for TC4 under symmetric and asymmetric loadings are shown in Table 3 ; Table 4 , respectively. In order to give a better view of the scatter with the experimental data, an equivalent strain-life curve (equivalent strain 2 2 eq / 3 a a ε γ ε = + ) is employed, as shown in Figure 5 , note that there are 34 specimens for GH4169 and 56 specimens for TC4. More details can be found in Ref. [31] [32] [33] .
(a) (b) (c) Table 2 . The experimental data for GH4169 under symmetric loadings. Table 2 . The experimental data for GH4169 under symmetric loadings. Assuming that the material constants k and s of the FS and WB models were estimated by Equations (2) and (5) when life cycles N f = 5 × 10 3 ∼ 5 × 10 4 , the fatigue life predictions of GH4169 and TC4 based on the Re-SWT, WB, FS and proposed models compared with experimental data are shown in Figures 6 and 7 , respectively. Note from Figure 6 for GH4169, a good agreement for the proposed model and FS model can be observed where almost all the predicted results are within the ±3 scatter band; the WB model shows more conservative predictions under torsional, in-phase and 45 • out-of-phase loadings, which gives acceptable results under axial and 90 • out-of-phase loadings; the Re-SWT model shows a large scatter of predicted results under 90 • out-of-phase loadings and gives good predictions for the other loadings. Note from Figure 7a for TC4, the predicted results of FS and proposed models are better than those of Re-SWT and WB models, otherwise, the Re-SWT model provides overestimated predictions under 45 • and 90 • out-of-phase loadings. From Figure 7b for TC4, the predicted results of proposed model show the smallest scatter than those of the other three models, most of them are within ±3 scatter band, only one of the predictions is without ±3 scatter band. Note from Figure 7 for TC4, the performances of the FS, WB and proposed models are quite similar under symmetric and in-phase asymmetric loadings, while the predicted lives of the FS and WB models show much higher scatter than that provided by the proposed model. In fact, 90 • out-of-phase loading path can lead to the most significant hardening than the other loading paths, which may significantly lead to the variations of fatigue life and hardening or softening effect of the other loading paths is not as significant as the 90 • out-of-phase loading path. The effect of mean normal/shear stress and hardening/softening can be regarded as tensile or shear behaviour according to the actual situation. When estimating the fatigue lives under symmetric loadings and in-phase asymmetric loadings, the WB, FS and proposed models can account for both shear and tensile behaviours but Re-SWT considers only one of the behaviours and ignores another one, so it has shown the poorest performance in 90 • out-of-phase loading path. When estimating the fatigue lives under 90 • out-of-phase asymmetric loadings, only the proposed model can provide reasonable estimations compared with the FS and WB models, it is because that the proposed model involves almost all the stress-strain responses of the critical plane and the FS and WB models involve only shear strain and normal stress/strain.
To obtain the estimation errors, the estimation deviation P error between the logarithmic predicted and experimental lives, as shown in Equation (20) , is utilized to describe the accuracy of above models. The estimation errors are illustrated in Figures 8 and 9 .
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Furthermore, all the experimental data in this paper are obtained from specimens, when applying the proposed model to the structural components, the scale effect or probabilistic methods should be considered [34, 35] .
Conclusions
In this paper, a novel energy-critical plane model is presented where two types of experimental data for GH4169 and TC4 at room temperature with different loading paths were used for model validation. Model comparisons have also been conducted with the FS, WB and Re-SWT models. Some conclusions are drawn as follows:
(1) Based on the SWT and FS models, a modified model is established to estimate the multiaxial fatigue life with no additional material parameters, which is suitable for symmetric and asymmetric loadings under in-phase and out-of-phase conditions and the procedures to employ the proposed model is also presented.
(2) The FS model only takes the mean normal stress into account and it does not consider tension-type failures, which may lead to overestimated or conservative predictions. However, the proposed model can consider the effects of shear and tensile behaviours.
(3) For TC4 and GH4169, the FS and proposed models can provide accurate predictions under symmetric loadings and the proposed model also works well under asymmetric loadings. But, the predictions of the Re-SWT and WB models show much larger scatters than those of the FS and proposed models. In other words, the proposed model can give more accurate predictions under symmetric and asymmetric loadings than the other three models.
